We report results of direct numerical simulations of decaying two-dimensional ͑2D͒ turbulence inside a square container with rigid boundaries. It is shown that the type of boundary condition ͑no-slip or stress-free͒ determines the flow evolution essentially. During the initial (0рt р0.2ͱRe) and intermediate (0.2ͱReрtр3ͱRe) stages of decaying 2D turbulence (tХ1 is comparable with an eddy turnover time, Re is the Reynolds number of the flow͒, the decay scenario for simulations with no-slip boundary conditions can be understood from turbulent spectral transfer and selective decay. A third mechanism can be recognized for tу3ͱRe: A decay stage where diffusion dominates over nonlinear advection, i.e., spectral transfer is then absent in favor of self-similar decay. The present results show that at presently accessible Reynolds numbers and computation times, laboratory experiments cannot be accurately compared with quasi-stationary states from ideal maximum-entropy theories or with computed solutions of flows in containers with stress-free boundaries. The decay which results in rectangular containers with no-slip boundaries does not yet yield anything that is meaningfully comparable with these formulations. The evolution of the number of vortices V, the average vortex radius a, the ratio of enstrophy ⍀ over energy E, and the extremum of vorticity ͑normalized by ͱE͒ have been computed based on ensemble averaging of the no-slip runs. An algebraic regime has been observed with V(t)ϳt Ϫ0.90 , a(t) ϳt 0.31 , ⍀(t)/E(t)ϳt Ϫ0.63 , and ext (t)/ͱE(t)ϳt Ϫ0.30 . Finally, quantities such as a measure of the viscous stresses near the boundaries have been computed in order to analyze the decay of 2D turbulence in containers with rigid boundaries.
I. INTRODUCTION
High-resolution numerical simulations of decaying twodimensional ͑2D͒ turbulence have revealed many interesting features concerning flow dynamics, inertial range energy spectra, mixing properties of the flow, passive tracer dynamics, etc. Two specific aspects of the flow dynamics of decaying 2D turbulence are relevant in the context of the numerical simulations reported in this paper. The first one concerns the formation of small-scale structures in the form of vorticity-gradient sheets at early times of the flow evolution, a property of the flow dynamics nicely illustrated in highresolution numerical simulations of decaying 2D turbulence on a double-periodic domain by, e.g., Brachet et al. 1, 2 During the later stage of the flow evolution another characteristic aspect of decaying 2D turbulence is observed: The emergence of coherent vortices. This process has been shown in direct numerical simulations of decaying 2D turbulence on a double-periodic domain by, for example, Matthaeus and Montgomery, 3 who reported for the first time on large-scale convection cells in a Navier-Stokes simulation with periodic boundary conditions, by McWilliams, 4 and by Santangelo, Benzi, and Legras. 5 During a long-time integration of the Navier-Stokes equations, Matthaeus et al. 6 observed the appearance of a quasi-steady final state consisting of two vortices with opposite circulation.
Numerical studies of decaying 2D turbulence are generally based on simulations of the Navier-Stokes equations for incompressible flows on a square domain with periodic boundary conditions. We report here on results of numerical simulations of decaying 2D turbulent flows on a square domain with impermeable boundaries, for Reynolds numbers up to 2000 with either no-slip or stress-free boundary conditions. The definition of the Reynolds number in the present simulations is based on the root-mean-square ͑rms͒ velocity of the initial flow field and the half-width of the domain. Simulations of the full 2D Navier-Stokes equations, i.e., without artificial dissipation replacing diffusion, are carried out with a 2D Chebyshev pseudospectral algorithm with a maximum of 289 Chebyshev modes in both directions. The present numerical study of decaying 2D turbulence in a container with rigid boundaries is primarily motivated by laboratory observations. Examples are the experimental studies of decaying 2D turbulence in stratified fluids, observations of strong vortex-wall interactions in bounded quasi-2D flows, and the emergence of large-scale counterrotating vortices in rectangular containers with the vortex radii comparable with the width of the container. Experiments on 2D turbulence have been carried out in rectangular, square, or circular containers filled with fluid. The containers were either rotating ͑see Ref. 7 and references therein͒ or filled with a linearly stratified or a two-layer fluid. [8] [9] [10] The initial random flow field in stratified fluids was obtained by stirring with a rake, 8 or by using sources and sinks, as was done in the experiments by Boubnov, Dalziel, and Linden. 10 Alternative techniques for investigating 2D flow dynamics are based on electromagnetic forcing mechanisms. Examples are the experiments by Nguyen Duc and Sommeria 11 with a shallow layer of mercury subjected to magnetic forcing and the electromagnetically forced electrolyte solutions used in experiments by Tabeling et al. 12 and Marteau, Cardoso, and Tabeling. 13 In all these cases, the flows were bounded by walls, at which no-slip conditions apply. Several theoretical approaches for investigating 2D flows take into account the presence of impermeable boundaries, although neither of them of no-slip type. Examples are the study by Pointin and Lundgren 14 on the statistical mechanics of 2D vortices in a bounded container and the classification study of selforganized structures in 2D turbulence in perfect fluids ͑Euler flows͒ by Chavanis and Sommeria. 15 The latter approach is based on an application of a maximum entropy theory. 16, 17 A description in terms of the maximum entropy principle has also been used for the coherent structures appearing in computed solutions of 2D decaying Navier-Stokes flow with periodic boundary conditions. [18] [19] [20] Additionally, numerical simulations of decaying 2D turbulence in containers with rigid stress-free walls have been reported. 21, 22 These theoretical and numerical studies concerned flows in containers with free-slip or stress-free boundaries, leaving the question unanswered as to what extent realistic, no-slip boundary conditions play a role in the flow evolution. A comparison between the decay process of 2D turbulence in the presence of no-slip and stress-free boundary conditions seems worthwhile in order to show the entirely different flow evolution in both cases, owing to the crucial role of the boundary layers in the flow dynamics in containers with no-slip boundaries.
Recently, Li and Montgomery 23 and Li, Montgomery, and Jones 24, 25 have reported results of computations of decaying 2D turbulence inside a circular rigid boundary. Simulations with no-slip boundaries and an initial velocity field containing a large amount of net angular momentum L revealed a very slow decay of L, and the presence of angular momentum in the initial flow field seems to play a crucial role in the flow evolution. 24 For this case, the quasistationary intermediate state consists of a monopolar vortex in the center of the circular container. In contrast, runs with L(tϭ0)ϭ0 ͑and which remains approximately zero during the decay of 2D turbulence͒ showed the eventual formation of an intermittent dipolar structure. The vorticity produced in the boundary layer between the dipole and the no-slip boundary is predominantly accumulated in the wake of the dipole.
The organization of this paper is as follows: The governing equations in dimensionless form, the time discretization scheme, and the spatial approximation by a Chebyshev pseudospectral method are recalled in Sec. II. Additionally, numerical convergence is briefly discussed. Results of numerical simulations of decaying 2D turbulence with no-slip boundary conditions are presented in Sec. III, and in Sec. IV the decay scenarios for numerical simulations with no-slip and with stress-free boundary conditions are compared. In Sec. V the results and conclusions are summarized.
II. NUMERICAL ALGORITHM AND INITIALIZATION PROCEDURE
Numerical simulations are performed with a 2D Chebyshev pseudospectral method which is here only briefly reviewed. Technical details of the numerical code are described elsewhere. 26 The flow domain D with boundary ‫ץ‬D is a two-dimensional square cavity-in dimensionless form the square ͓Ϫ1,1͔ϫ͓Ϫ1,1͔, Cartesian coordinates in a frame of reference are denoted by x and y, and the velocity field is denoted by uϭ(u,v). The equation governing the nondimensional ͑scalar͒ vorticity ϭ(‫ץ‬v/‫ץ‬x)Ϫ(‫ץ‬u/‫ץ‬y) is obtained by taking the curl of the momentum equation. The following set of equations has to be solved numerically:
with the boundary condition uϭu b (u b ϭ0 for no-slip boundaries͒ and enforcing k•ٌϫuϭ on ‫ץ‬D by an influence matrix method. 26 An initial condition, ͉ tϭ0 ϭk•ٌ ϫu i , where u i is the initial velocity field, is also supplemented. The Reynolds number is defined as ReϭUW/, with U a characteristic velocity ͑based on the rms velocity of the initial flow field͒, W the half-width of the box and the kinematic viscosity of the fluid. The time is made dimensionless with W/U, and tХ1 is comparable with an eddy turnover time. Time discretization of the vorticity equation ͓Eq. ͑1͔͒ is semi-implicit: It uses the explicit Adams-Bashforth scheme for the advection term and the implicit CrankNicolson procedure for the diffusive term. Both components of the velocity and the vorticity are expanded in a double truncated series of Chebyshev polynomials, e.g., for the velocity field:
where the Chebyshev polynomials T n (x)ϭcos(n) with ϭcos Ϫ1 (x). Transformations from physical space to the spectral space of expansion coefficients, and vice versa, can be performed efficiently by employing fast Fourier transform ͑FFT͒ methods. All numerical calculations, except the evaluation of the nonlinear terms, are performed in spectral space, i.e., the coefficients û nm (t) and nm (t) are marched in time. FFT methods are used to evaluate the nonlinear terms following the procedure designed by Orszag, 27 where the padding technique has been used for de-aliasing.
The initial condition for the velocity field, denoted by u i , is obtained by a zero-mean Gaussian random realisation of the first 65ϫ65 Chebyshev spectral coefficients of both u i and v i , and subsequently applying a smoothing procedure in order to enforce u i ϭ0 at the boundary of the domain. The variance nm of the velocity spectrum of u i is chosen as
, with 0рn,mр64,
͑3͒
and nm ϵ0 for n,mу65, and the resulting flow field is denoted by U(x,y). The smoothing function is f (x)ϭ͓1 Ϫexp (Ϫ␤(1Ϫx   2   ) 2 )͔, with ␤ϭ100. The initial velocity field is thus: u i (x,y)ϭ f (x) f (y)U(x,y), where the flow field is normalized in order to enforce the L 2 -norm of the velocity per unit surface of the initial flow field to be equal to unity. The kinetic energy and the enstrophy of the flow are defined as
It should be emphasized that for all numerical runs the kinetic energy of the flow field drops from E(tϭ0)ϭ2 ͓see Eq. ͑4͔͒ to E(tϭ0 ϩ )Х1 during the first time integration step, because the initial velocity field, with ٌ•u i 0, is then projected onto the subspace of divergence-free velocity fields. Values for the energy and enstrophy during the simulations are normalized with their values obtained after the first time integration step. A more proper treatment for obtaining a divergence-free initial velocity field is discussed in a review paper by Gresho, 28 but for the present simulations the procedure described above is sufficient; the details of the initial flow field are not important.
The angular momentum of the flow, defined with respect to the center of the container, is
with the stream function defined in the usual way, u ϭ‫ץ/ץ‬y and vϭϪ‫ץ/ץ‬x. The right-hand side ͑rhs͒ of Eq. ͑6͒ is obtained by using the condition that is constant at the boundary of the domain ͑actually, we set ϭ0 on ‫ץ‬D͒. Due to the initialization procedure of the flow field, the total angular momentum at tϭ0 is not exactly zero, but still small. However, the mean value of the total angular momentum over a large number of realizations is zero. Simulations have been carried out for three values of the Reynolds number: Reϭ1000, 1500, and 2000. As a first step, the minimum number of Chebyshev modes required in order to get a well-resolved simulation of the flow dynamics, has been investigated. The qualification ''well-resolved'' means that the smallest scales are resolved and that the decay process becomes effectively independent of a further increase of the number of degrees of freedom used in the numerical simulations. In all numerical experiments it appeared that the convergence criterion results in a minimum number of Chebyshev modes which is roughly proportional with ͱRe in each direction ͑see Table I where also other relevant information for the runs with no-slip and stress-free boundaries is summarized͒. This observation is consistent with analyses reported in the literature for homogeneous, isotropic 2D turbulence, where it has been shown that the total number of degrees of freedom (NϫN) of 2D turbulence is of the order of the Reynolds number. A fit through the data from Table I in a log-log plot of Reynolds number versus number of Chebyshev modes gives roughly: NХ6ͱRe. These experimentally obtained minimum numbers of Chebyshev modes are consistent with the requirement that the dimensionless dissipation wave number
, with ⑀ the instantaneous enstrophy decay rate per unit area, is sufficiently lower than N. This relation can be written
Ͼ2/N, with ⑀ the dimensionless enstrophy decay rate ͑as obtained from the computations͒. With N Х6ͱRe, the following relation is found for the dimensionless enstrophy decay rate: ⑀ Ͻ2ϫ10 8 . This condition is always satisfied for the runs discussed here ͑see Table I where estimated values for ⑀ are listed͒.
III. COMPUTATIONAL RESULTS; NO-SLIP BOUNDARY CONDITIONS

A. General features
The flow evolution of decaying 2D turbulence on a square domain with no-slip boundary conditions can be characterized, at least up to Reϭ2000, by three stages ͑the relevant time scales associated with these stages are discussed in Sec. III B͒. The initial stage consists of a rapid selforganization process due to merging of like-sign vortices and the formation of mainly medium-sized dipoles. This process is nicely illustrated in Figs. 1͑a͒-1͑d͒ where vorticity contour plots from a simulation of freely decaying 2D turbulence with Reϭ2000 are presented. Average scales present in the random initial vorticity field have characteristic length scales that are roughly two orders of magnitude smaller than the container size, i.e., (tϭ0)Х0.01W. The average size of the vortices increases rapidly to (tϭ1)Х0.2W and to (tϭ5)Х0.4W ͓see Figs. 1͑a͒-1͑c͔͒ . The selforganization process is accompanied by the formation and steepening of vorticity gradients by strain in the interior due to vortex interactions, and the formation of boundary layers due to shear near no-slip walls. The intense vorticity filaments produced in the boundary layer are either injected into the flow interior, where they are elongated in straindominated parts of the flow field, resulting in thin vorticity gradient sheets, or they roll up into a vorticity blob. In the latter case they usually pair with the neighboring ͑primary͒ vortex, thus forming a dipolar structure. This process becomes increasingly important as from tХ1 ͓see Figs. 1͑a͒ and 1͑b͔͒ when sufficiently strong dipoles have been formed. Boundary layer detachment and subsequent advection into 29 To illustrate this phenomenon, the angular momentum for two simulations with Reϭ2000, which show spontaneous spin-up, is plotted in Fig. 2 ͑the upper curve corresponds to the run shown in Fig. 1͒ . It is worthwhile to note that the angular momentum of the same amount of fluid, with total kinetic energy Eϭ1, in solid body rotation is ͉L sb ͉ Х2.3. Since the angular momentum of unbounded viscous flows is conserved when the total circulation ͑as in bounded domains with no-slip walls͒ is zero, the spontaneous spin-up of the flow is a process which is entirely due to the finiteness of the flow. A practical implication of the spin-up phenomenon is that a torque needs to be exerted on the container in order to prevent spontaneous rotation of the container, since the total angular momentum of the torque-free fluidcontainer system is conserved. Several runs have been carried out with Reϭ1000, 1500, and 2000 ͑see Table II͒ and approximately 75% of these runs shows spontaneous spinup. The flow during the intermediate stage is then always characterized by the presence of a strong monopolar or a rotating tripolar structure. A small minority of the runs shows no spin-up at all, and during the intermediate stage of these runs usually a dipolar or quadrupolar structure is found. The third stage is characterized by a relaxation process to a monopolar structure that is more or less situated in the center of the container, subsequently followed by viscous relaxation.
Two important processes for the self-organization of the flow are the spectral transfer due to nonlinear interactions and the selective decay hypothesis, which states that higher spectral components, which are excited by turbulent spectral transfer, dissipate more rapidly than the lower spectral components. 3 These two processes are responsible for a spectral accumulation at the lowest frequencies. Recently, a third important process during nonlinear self-organization has been recognized by Kondoh et al. 21 for incompressible viscous flow with stress-free boundary conditions (ϭ0 on ‫ץ‬D͒. This process consists of the interchange of dominance between the two physical processes which determine the flow evolution. The early and intermediate decay stages are predominantly determined by the action of the nondissipative nonlinear term, but in the later stage of decay the dissipative term becomes dominant. As a result, the lowest eigenmode solution of the vorticity diffusion equation on a bounded square domain with stress-free boundary conditions should finally emerge, because it is the mode with the smallest damping factor. The lowest eigenmode solution decays then self-similarly. Such eigenmode solutions were recently calculated for viscous flow on a square domain with no-slip boundaries by Van de Konijnenberg, Flór, and van Heijst, 9 and they are used in the present investigation to analyse the long-time decay properties of freely evolving 2D turbulence.
An important tool to quantify the self-organization process is the spectrum, which provides insight into the distribution of kinetic energy of the flow over the different modes. Standard techniques exist to determine the spectrum for forced or decaying 2D turbulence with periodic boundary conditions. Unfortunately, such techniques cannot be applied straightforwardly when rigid boundaries are present. An approach might be the calculation of the spectrum of eigenmodes of viscous flow on a square domain with no-slip boundaries. However, this method is rather elaborate ͑see Van de Konijnenberg et al. 9 ͒. An alternative is to measure the so-called one-dimensional spectrum of Chebyshev modes. This approach does not provide all information on spectral transfer, because it is merely an average, but it still gives sufficient insight in the self-organization process by discussing the role of the spectral transfer due to nonlinear couplings and the selective decay mechanism. A onedimensional spectrum is obtained by considering the kinetic energy of the flow
along the lines xϭ0 and yϭ0. The one-dimensional spectrum Ŝ n (t) is defined as an average of both contributions
͑8͒
Note that Ŝ n (t) is always positive by definition. Several spectra Ŝ n (t), computed for the simulation with Reϭ2000 ͑see Fig. 1͒ , are shown in Figs. 3͑a͒-3͑d͒ ͑even Chebyshev coefficients͒ and Figs. 3͑e͒-3͑h͒ ͑odd Chebyshev coefficients͒. Self-organization of the initially turbulent flow is clearly visible in the change of the distribution of excited Chebyshev modes: The high-frequency modes dissipate rather fast and this process outweighs turbulent spectral transfer from low to high Chebyshev modes ͑selective decay͒, and the increasing amplitude of some of the lowest Chebyshev modes in the spectrum during the initial stage of decay. This latter process is only due to transfer by nonlinear interactions.
The total kinetic energy E and the enstrophy ⍀ for the run shown in Fig. 1 are plotted in Fig. 4 as a function of time. The decay of enstrophy is much faster than the decay of energy as long as the flow is not completely determined by viscous effects. Diffusion of vorticity strongly dominates advection for eddy turnover times larger than 130 (Ϸ3ͱRe, see Sec. III B͒, as can be concluded by observing that the decay rates of E and ⍀ start to become equal for large times. Another interesting aspect is the decay of the angular momentum after spin-up has occurred (tХ10, see Although the slow decay of L with respect to E was also observed for decaying 2D turbulent flows in circular domains, [23] [24] [25] it is somewhat surprising that a regime with an approximately nondecaying angular momentum ͑after spontaneous spin-up͒ is also observed so clearly for flows in square containers. Li et al. ascribed the slow decay of L for flows in circular containers to the fact that in a circular domain angular momentum is an inviscid constant of the motion. However, this is not the case in a square domain. The rather surprising observation of the slow decay of L is most likely related to a slow decay of the symmetric ͑with respect to xϭ0 and yϭ0͒ vorticity modes compared with the decay of the other vorticity modes. This decay scenario, which might be considered as an alternative selective decay mechanism, results in a growing dominance of symmetric modes over antisymmetric modes. This is reflected by the presence of angular momentum in the flow, because only symmetric modes contribute to L. Decomposition of the vorticity field in symmetric and antisymmetric modes in several runs for Reϭ1000 and 1500 confirms this selective decay mechanism. From these observations it might be concluded that a large amount of L during the intermediate decay stage actually announces the appearance of predominantly symmetric vortex flow in the container. 
B. Generalizations based on ensemble averaging
Some remarkable features of the flow evolution of decaying 2D turbulence in a square container with no-slip boundaries have been illustrated in the previous section. Several runs have been carried out for Reϭ1000, 1500, and 2000, and these were used to extract additional information such as characteristic time scales of freely decaying 2D turbulence, scaling behavior, and decay exponents of vortex density and vorticity extrema.
The importance of the presence of boundaries depends on the size of the container relative to the size of the dominant flow structures. This effect has been investigated by computing the ratio ⍀/E, which can be interpreted as a mean-square wave number, i.e., ⍀/Eϳ͗k 2 ͘. The decrease of ⍀/E is indicative of the efficiency of the self-organization process. The relatively fast decay of ⍀/E, due to turbulent spectral transfer and subsequent fast dissipation of highfrequency modes, is referred to in the literature as selective decay. 3 In Fig. 5͑a͒ an ensemble-averaged value of the ratio ⍀ nor (t)/E(t), with ⍀ nor (t)ϭ⍀(t)/⍀(tϭ0 ϩ ), is plotted as function of the dimensionless time. The ensemble average is based on twelve runs for each of the Reynolds numbers considered in this numerical investigation (Reϭ1000, 1500, and 2000͒. The algebraic decay rate for ⍀ nor /E, which extends two to three decades, is remarkable and is found to be ⍀ nor /Eϳt Ϫ0.63 . By introducing a new dimensionless time Tϭt/ͱRe, the three ensemble averaged curves of ⍀ nor /E are found to collapse onto a single curve, as is shown in starts to decay algebraically, and TХ0.2 as the time at which vortex-wall interactions ͑and thus the presence of no-slip boundaries͒ become significant. The average size of the vortices has by then increased to (TХ0.2)Х0.4W, which can be inferred from ⍀/E ͑without normalization of ⍀͒ because Х2WͱE/⍀. During the later stage it appears that ⍀ nor /E again decays algebraically with t Ϫ0.63 . Finally, for Tу6 the kinetic energy and the enstrophy decay with the same rate, i.e., ⍀ nor /E is constant, and the flow decays selfsimilarly ͑see Sec. III C͒. The characteristic size of the final vortex is then: Х1.8W. It is interesting to note that an ensemble average of ⍀ nor /E has also been computed for the simulations with stress-free boundary conditions ͑sixteen runs with Reϭ2000͒. The algebraic decay is now found to be ⍀ nor /Eϳt Ϫ0.85 , and the algebraic decay sets in later: At T Х4.5ϫ10
Ϫ2 for the stress-free runs, compared with TХ1.7 ϫ10 Ϫ2 for the no-slip runs. This remarkable difference is entirely due to the presence of different boundary conditions.
The discussion of the ensemble average of ⍀ nor /E reveals generalized time scales for the three characteristic stages of decaying 2D turbulence in containers with rigid no-slip walls ͑see discussion in Sec. III A͒. The initial stage takes place during the interval 0рtр0.2ͱRe, the second stage ͑including spontaneous spin-up͒ for 0.2ͱReрt р3ͱRe, and the third stage for tу3ͱRe, when the flow starts to become strongly diffusion dominated. This regime is characterized by a nearly exponential decay of both the energy and the enstrophy. The viscous decay regime, in which the flow is dominated by the slowest decaying viscous eigenmode ͑see Sec. III C͒, sets in for tу6ͱRe; the ratio ⍀ nor /E is then constant.
The temporal evolution of decaying 2D turbulence during the initial decay stage is characterized by merging of vortices, and consequently the number of vortices, denoted by V, decreases. The role of the no-slip boundaries on the rate of decrease of V is not known yet. When, for example, a primary vortex approaches the boundary, a filament with oppositely signed vorticity is created. This boundary layer can roll up into a vorticity blob, thus actually increasing the num-FIG. 5. The ratio ⍀ nor /E plotted as function of t ͑a͒ and Tϭt/ͱRe ͑b͒, and the average number of vortices V(t) plotted as function of t ͑c͒ and T ϭt/ͱRe ͑d͒. The data are based on ensemble averages of runs carried out for Reϭ1000 ͑short dashed͒, 1500 ͑dashed͒, and 2000 ͑drawn͒, respectively. Straight lines: t Ϫ0.63 ͑a͒-͑b͒, t Ϫ0.9 and t Ϫ0.7 ͑c͒.
ber of vortices. The strength of the primary vortex is usually strongly reduced by this vortex-wall interaction, and it might eventually be destroyed more rapidly by interaction with neighboring vortices, thus decreasing the number of vortices. One might not presume a priori that production and destruction of vortices due to flow-boundary interactions balance exactly. Recently, Carnevale et al. 30 proposed a scaling theory for freely decaying 2D turbulence in the limit Re→ϱ on an unbounded domain, based on the assumption that both the kinetic energy and the extremum of vorticity are conserved quantities during the decay process. Their approach results in algebraic decay of the number of vortices, i.e., V(t)ϳt Ϫ . The exponent is so far undetermined, but has been found in both Navier-Stokes simulations and modified point-vortex methods to be Ϸ0.70-0.75. 30, 31 Although the present simulations do not satisfy the conditions for freely decaying 2D turbulence in the infinite Reynolds number limit on an unbounded domain, it is still useful to consider the decay rate of V(t), the average vortex radius a(t), and the renormalized ͑by ͱE(t)͒ decay rate of the vorticity extremum of the dominant vortices. To determine these decay rates the computed curves for V(t), a(t), and ext (t)/ͱE(t) have been calculated for the runs with Re ϭ1000, 1500, and 2000, respectively.
Based on an ensemble average of the runs with Re ϭ2000 it was possible to find two decay exponents for the average vortex number: during the initial decay stage it is found that V(t)ϳt Ϫ0.90Ϯ0.03
, and during the intermediate decay stage some evidence exists that V(t)ϳt Ϫ0.7Ϯ0.1 ͓see Fig.  5͑c͔͒ . In the initial stage, the average number of vortices decreases from approximately V(tϭ1)Ӎ100 to V(tϭ10) ϳ10 ͑with a standard deviation of approximately 8%, where the standard deviation is defined by (t)ϭ͓(͗V 2 (t)͘ Ϫ͗V(t)͘ 2 ) 0.5 ͔/M with M the total number of simulations used in ensemble averaging͒, and in the intermediate decay stage, with decay exponent ϭ0.7, the average number of vortices decreases further to V(tϭ100)ϳ2 ͑with a standard deviation of roughly 15%͒. Although the standard deviation is relatively large, the decay exponent in the turbulent decay regime is rather robust. For example, all runs with Re ϭ2000 show the same decay exponent, viz. V(t)ϭCt Ϫ0.90 , but a variation in the constant C is observed, thus resulting in a relatively large standard deviation. For Reϭ1000 and 1500 the same decay exponents are found, although the regime in which V(t)ϳt Ϫ0.7 is less clear ͓see Fig. 5͑c͔͒ . For convenience, all decay exponents of the initial turbulent regime are summarized in Table III 
͒.
The average decay rate of the renormalized vorticity extrema is found to be: ext (t)/ͱE(t)ϳt Ϫ0.30Ϯ0.02
. The ensemble-averaged curves computed for Reϭ1500 and 2000 are displayed in Fig. 6 . One can also observe that for tу40 ͑for the runs with Reϭ2000 and 1500͒ ext (t)/ͱE(t) is approximately constant ( ext (t)/ͱE(t)ϳt
Ϫ0.10Ϯ0.04
). Two more conclusions can be drawn: The ensemble averaged curves for both V(t) and ext (t)/ͱE(t), for each Reynolds number considered in this study, are found to collapse onto a single curve by again using Tϭt/ͱRe as new dimensionless time ͓see Fig. 5͑d͒ for V(t)͔, and it appears that during the initial decay stage (0рtр0.2ͱRe) the number of vortices is proportional with ͱRe. Additionally, it is observed that the TABLE III. Power law exponents for decay rates of several quantities obtained from simulations with no-slip boundaries. The power laws of present results are expressed as: f (t)ϳRe t . All decay exponents concern power laws for the initial turbulent decay regime. The decay exponents car , dri , and exp are the theoretical exponents ͑Ref. 30͒, the exponents obtained from a contour dynamics simulations of 2D turbulence on a sphere ͑Ref. 32͒, and some recent experimentally measured decay exponents ͑Ref. 33͒, respectively. . Finally, the viscous stress and the amount of vorticity gradients near boundaries are calculated for the initial turbulent decay phase (tр0.2ͱRe). The magnitude of the viscous stress ͑nondimensionalized by U 2 , with the fluid density and U a characteristic velocity͒ at the boundary of the domain with no-slip walls is computed as follows, where we have used that the normal viscous stress is absent at no-slip walls since (ٌ•uϭ0͒:
͑9͒
with ‫‪n‬ץ/ץ‬ denoting the normal derivatives, ds the length of an infinitesimal element of the boundary ‫ץ‬D, and u ʈ the velocity component parallel to the boundary. The numerical factor is due to normalization by the square root of the dimensionless length of the boundary. Note that the average viscous stress is equivalent to the average magnitude of the vorticity on the boundary. An interesting trend has been observed for the turbulent initial decay stage: S ns (t) is approximately independent of the Reynolds number for 1000рRe р2000. Furthermore, the following decay rate has been found for this decay regime: S ns (t)ϳt Ϫ0.42Ϯ0.02 for Re ϭ1000, 1500, and 2000. The average of the vorticity gradient near the boundaries can be quantified by computing
.
͑10͒
The observed trend for the scaling behavior of this quantity appears to be: F ns ϳͱRe. . Combination of the power laws of S ns (t) and F ns (t) indicate that, during the initial turbulent decay stage, the boundary layer 
C. The viscous decay stage
The final decay stage of 2D turbulence in present simulations is characterized by a self-similar viscous decay of the fundamental mode of Stokes flow (Reϭ0) on a square domain. The fundamental mode, as well as several higher modes, has been calculated analytically by Van de Konijnenberg et al. 9 Their analytical derivation and the numerical procedure to calculate the Stokes modes will not be reproduced in full length. Starting point is the vorticity equation on the square domain
with no-slip boundary conditions ͑note that no boundary conditions for the vorticity are available͒ and an initial condition 0 ϵ(x,y,tϭ0). The full time-dependent solution has the following form:
͑x,y,t ͒ϭ ͚
where the constants C are determined by the initial condition 0 (x,y). Precise values of have to be determined yet. For each value of the following Helmholtz equation for (x,y) has to be solved:
with no-slip boundary condition at the rigid boundaries. In order to proceed it is necessary to consider Eq. ͑13͒ in terms of the stream function (x,y), which yields a fourth-order partial differential equation. The no-slip boundary condition can be reformulated in the necessary boundary conditions for the stream function, and a solution for the Stokes modes can, in principle, be determined. for the viscous relaxation regime (tу3ͱRe) these runs can be subdivided into two groups. The majority ͑75%͒ shows mutually similar behavior with a rapid transition to the fundamental Stokes mode ͑a symmetric mode, see , and the normalized angular momentum, L(t)/L sb (t), are plotted vs dimensionless time t in order to compare different decay scenarios. The normalized energy for Reϭ1000 and 1500 is shown in ͑a͒ and ͑c͒, respectively. The normalized angular momentum is shown in ͑b͒ and ͑d͒ for Reϭ1000 and 1500, respectively. Note that less curves are drawn for the normalized energy in ͑a͒ and ͑c͒; some of the curves appeared to be hardly indistinguishable from each other.
show a slow appearance the lowest Stokes eigenmode. The computed decay rates of the energy for the runs where the quasi-stationary final state is dominated by the lowest Stokes eigenmode are: (Reϭ1000)ϭ13.1Ϯ0.2 and (Reϭ1500) ϭ13.2Ϯ0.2. These results are close to the exact value ϭ13.09 as obtained by Van de Konijnenberg et al.
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IV. COMPARISON OF SIMULATIONS WITH NO-SLIP AND STRESS-FREE BOUNDARY CONDITIONS
A. General features of runs with stress-free boundary conditions
The dynamics of decaying 2D turbulence with stressfree boundary conditions is essentially different from that with no-slip boundary conditions, as shown in the simulations discussed in Sec. III. The initial stage of the flow is now characterized by the emergence of vortices with both positive and negative circulations, but they generally do not form many strong dipolar-like structures as usually observed during the initial stage of runs with no-slip boundary conditions. When no-slip boundaries are used, the emerging dipoles have a tendency to move to one of the boundaries and interact with it quite strongly. Simulations with stress-free boundary conditions reveal that the monopolar vortices tend to move parallel with the boundaries. Such behavior can be understood by realizing that a stress-free boundary acts as a mirror, and a vortex near the boundary observes a virtual vortex with opposite circulation at the other side of the boundary. Both vortices form a couple, and move parallel with the boundary. Another interesting difference between stress-free and no-slip simulations concerns the absence of vorticity filament production near the rigid walls in the stress-free case.
A remarkable feature of the flow dynamics in containers with stress-free boundary conditions is the net leakage (diffusion) of vorticity through the boundaries. This process is responsible for the change of total circulation ⌫ of the flow. Net leakage of vorticity through the boundaries is absent for flows in containers with no-slip boundaries, where ⌫ ϭ͐dxdyϵ0, as well as for flows with periodic boundary conditions. In the latter case it is obvious that vorticity leaving the domain at one side is entering the domain at the other side; it is easy to verify from the definition of the circulation that in this case ⌫ϵ0. The relation between the rate of change of circulation of the flow and the net flux of vorticity through the boundary of the domain, or, in the case of no-slip boundaries, the absence of a net leakage of vorticity is easily understood by considering the vorticity equation integrated over the flow domain
where n is the unit outward pointing vector normal to the boundary and ds denotes the length of an infinitesimal element of the boundary ‫ץ‬D. The boundary integral of the nonlinear term is always zero, because either uϭ0 ͑no-slip͒ or ϭ0 ͑stress-free͒ on the boundary. The rhs of Eq. ͑15͒ can also be reformulated in terms of a boundary integral, and finally a relation between the rate of change of circulation and the net vorticity flux through the boundary ‫ץ‬D is found
For no-slip boundary conditions ⌫ϵ0, implying that the net vorticity flux through the boundary is also zero.
B. Decaying 2D turbulence with no-slip or stress-free boundary conditions; Re‫0051؍‬
The dramatic differences in the flow evolution of decaying 2D turbulence with no-slip and stress-free boundary conditions are clearly demonstrated in Figs. 9 and 10, which show some snapshots of the vorticity ͑Fig. 9 for the no-slip run and Fig. 10 for the stress-free run͒ for simulations with Reϭ1500. Snapshots of (x,y) are shown for tϭ3.75, 7.5, 15, and 45. Drawn lines represent positive vorticity values and dashed lines negative ones. The no-slip run for Re ϭ1500 is characterized by the formation of a large tripolar structure ͓see Fig. 9͑d͔͒ , which survives up to tХ75, although it decays slowly due to shear and to viscous dissipation of the satellites. The long-time decay process is characterized by the appearance of a slightly elliptic vortex in the center of the tank (tХ125). This elliptic vortex rotates slowly and is surrounded by a ring of opposite vorticity. This structure finally relaxes to the lowest Stokes eigenmode solution, which was discussed in Sec. III C. In the case of stress-free boundary conditions the flow evolution is characterized by the formation of two large cells with opposite circulation, i.e., a large dipole. This dipole is observed to show a slow rotation in the container. During the final stage of decay of this stress-free run the vortex with negative circulation finally disappears due to a combination of dissipation and net leakage of vorticity through the boundaries of the container. This final state ͑a ''square'' domain-filling vortex with one sign of vorticity͒ compares rather well with the lowest eigenmode solution as calculated by Kondoh et al. 21 Similar scenarios have been observed for the stressfree runs with Reϭ1000 and 2000, and from a series of simulations with Reϭ2000 it can be conjectured that the formation of a rotating dipole during the intermediate stage of the decay process occurs most frequently; only a small minority of those runs revealed the rapid formation of a monopole during the intermediate decay stage.
Energy and enstrophy, computed for the no-slip and stress-free simulation with Reϭ1500, are plotted as function of dimensionless time in Figs. 11͑a͒ ͑energy͒ and 11͑b͒ ͑en-strophy͒. An important difference between the no-slip and stress-free results for E and ⍀ is easily observed: The decay of the energy and enstrophy in the stress-free run is an order of magnitude smaller than in the no-slip case. In the intermediate stage of the flow evolution it appears that selforganization sets in more rapidly in the numerical experiments with stress-free boundary conditions than in the noslip case. This property is illustrated in Fig. 12 , which shows plots of the ratio ⍀/E, the mean-square wave number ͑see Sec. III B͒, as a function of the dimensionless time for the no-slip and the stress-free simulations, both for Reϭ1000 and for 1500. The curves in Fig. 12 show that a significant difference in scales occurs for tу8 ͑comparable with t ϭ0.2ͱRe͒ between the simulations with no-slip and stressfree boundaries. Also the presence of active boundary layers for the no-slip case is clear: ⍀/E does not decrease monotonically as is the case for the run with stress-free boundaries. The average scale, estimated from ⍀/Eϳ͗k 2 ͘, during the later stage of the flow evolution is approximately (t ϭ50)Х1.2W for the no-slip runs, and (tϭ50)Х1.8W for the stress-free case. Note that the simulations with no-slip boundaries show such large-scale structures (Х1.8W) for tу6ͱRe. 
FIG. 11. The normalized energy, E/E(tϭ0
ϩ ), and the normalized enstrophy, ⍀/⍀(tϭ0 ϩ ), plotted logarithmically vs dimensionless time t for Re ϭ1500 in ͑a͒ and ͑b͒, respectively. The simulations are carried out with stress-free boundaries ͑drawn͒ and with no-slip boundaries ͑dashed͒.
The scale difference observed in these numerical runs, and the faster decay of energy and enstrophy during the decay of 2D turbulence in the no-slip run compared with the decay observed in the stress-free run, can partly be understood with the selective decay hypothesis. Turbulent spectral transfer results in an accumulation at low Chebyshev modes, but also in an excitation of high Chebyshev modes representing small scales. Due to the presence of no-slip boundaries, even more small scales are produced in these runs than in the runs with stress-free boundaries ͑compare, e.g., Figs. 9 and 10͒. The resulting high Chebyshev modes decay rapidly and, obviously, the decay of energy and enstrophy during the decay of 2D turbulence should be larger for the no-slip runs than for the stress-free simulations. Note that the final decay is mainly determined by decaying low Reynolds number flow, as discussed in Sec. III C, and spectral transfer is almost absent. Consequently, E, ⍀, and L decay according to the fundamental Stokes eigenmode solution which has different decay rates for either no-slip or stress-free boundaries. Additionally, net leakage of vorticity through the stress-free boundaries, as discussed in Sec. IV A, contributes to the more rapid self-organization in the stress-free runs and to the increased scale difference between the large-scale structures observed in no-slip and stress-free runs, respectively. This is due to the fact that small-scale vorticity patches near the stress-free boundary leak out of the domain, which induces symmetry breaking, and finally the appearance of a container-filling cell with one sign of vorticity.
It is also interesting to consider the so-called Weiss function Q 4, 34 which is defined as
with S a measure of the rate of strain, S 2 ϭϪdet(ٌu ϩٌu T ). Regions with negative Q are rotation-dominated (ϾS) and are found in the vortex cores. These regions have an elliptic character ͑sometimes called neutral illustrates the different dynamical behavior of the flow near no-slip and stress-free boundaries, respectively. Boundary layers in simulations with no-slip boundary conditions are always found in strain-dominated regions, which explains boundary layer detachment and elongation of vorticity filaments. The dynamics near stress-free boundaries is rather different, as can be observed in Fig. 10 . In Fig. 10͑b͒ two vortices with negative circulation are moving along the boundary; one is moving in the clockwise direction to the upper right corner and the other, moving in the same direction, to the lower right corner. Due to both the interaction with their respective images and with vortices in the interior these two negative vortices are squeezed, and vorticity gradients near the boundary steepen. In Fig. 14͑b͒ it is observed that these regions are always situated in rotation-dominated (QϽ0) regions or in regions where strain only slightly dominates rotation. As a result, production of vorticity filaments is absent.
A remarkable difference between the Weiss function for flows with no-slip and with stress-free boundary conditions is the form of the regions with QϽ0 and QϾ0. When noslip boundaries are used ͑see Fig. 13͒ it appears that during the decay stage the rotation-dominated regions have a circular or elliptical form and the remaining part of the flow domain is strain dominated. In the final decay stage, a large monopolar vortex is formed, and the accompanying Weiss function is a large circular rotation-dominated region in the center of the container surrounded by a ring where strain dominates. Applying stress-free boundary conditions ͑see Fig. 14͒ results always, thus also in the final decay stage, in lozenge-shaped regions with either rotation-or straindominated character. The contour plots shown in Figs. 13 and 14 are aimed at comparing the Weiss function for the no-slip and stress-free run at the same dimensionless times. This choice is based on the initial average eddy turnover time, which is equal for both runs in the initial decay stage (tр1). An alternative approach, comparing the Weiss function for both boundary conditions at times at which the total kinetic energy of the flow ͓thus Re(t)͔ is the same for both runs, confirms our conclusion.
The magnitude of the dimensionless normal viscous stress for the stress-free case is computed as follows:
͑18͒
with ‫‪s‬ץ/ץ‬ denoting the tangential derivatives, and ds the length of an infinitesimal element of the boundary ‫ץ‬D. Note that ͉‫ץ‬u 1 /‫ץ‬n͉ϭ͉‫ץ‬u ʈ /‫ץ‬s͉ at the boundary with u Ќ the velocity component perpendicular to the boundary. Two interesting trends have been observed for the turbulent initial decay stage. In the first place, calculations show that S ns ͑see Sec. III͒ is roughly an order of magnitude larger than S sf ͑for 1000рReр2000͒, thus viscous stresses are more intense near no-slip walls than near stress-free boundaries. In the second place, some amount of scaling has been observed for the magnitude of viscous stresses near the boundaries: S ns is approximately independent from the Reynolds number, and S sf ϳRe Ϫ0. 25 . Leakage of vorticity through stress-free boundaries can be quantified by computing
which is a measure of the dimensionless vorticity flux through the boundaries. The observed trend for the leakage of vorticity is that F sf is independent of the Reynolds number ͑in the turbulent regime͒. A kind of ''boundary layer thickness'' can be introduced for the stress-free case: ␦ sf ϳW(S sf /F sf )ϳW Re Ϫ0. 25 . The behavior of S sf and F sf should be investigated in more detail, which will require more simulations for accurate ensemble averaging, particularly for higher Reynolds numbers before definitive conclusions can be drawn.
V. CONCLUSIONS
We have reported results of direct numerical simulations of decaying 2D turbulence inside a square container with rigid boundaries for several Reynolds numbers. From this investigation it is clear that the decay scenario of 2D turbulence is strongly modified by the presence of either no-slip or stress-free boundary conditions, and differs completely from decaying 2D turbulence on a domain with periodic boundary conditions. Results of the latter simulations are frequently reported in the literature. Simulations with no-slip boundary conditions show that boundary layers play an important role in the decay of turbulence. The boundary layers serve as sources of small-scale vorticity, which is continuously injected into the interior of the flow domain, as these layers are generally formed in strain-dominated regions of the flow. Due to this process a rapid self-organization of the flow towards one or two large vortices is inhibited in the early stage of decaying turbulence. The role of the boundary layers gradually diminishes when the total energy of the flow decreases, and in a later stage of the flow evolution large vortices arise with size comparable with the container dimension. During the final stage of the flow evolution, the flow decays self-similarly according to the slowest decaying Stokes eigenmode of the vorticity diffusion equation. It is found, by considering an ensemble average of ⍀/E, that the decay of 2D turbulence in a square container with no-slip boundaries consists of three generalized regimes ͑for Re р2000͒: The initial stage for 0рtр0.2ͱRe, the second stage ͑including spontaneous spin-up͒ for 0.2ͱReрt р3ͱRe, and the final stage for tу3ͱRe when the flow starts to become diffusion dominated. Viscous decay dominated by the slowest decaying viscous eigenmode sets in for t у6ͱRe. Simulations with stress-free boundary conditions show a much more rapid self-organization of the flow and also a relaxation to a slowest decaying Stokes eigenmode, satisfying ϭ0 on the boundary, of the vorticity equation. The reason for the rapid self-organization is partly due to a less intense production of small scales near the boundary of the domain in comparison with simulations with no-slip boundary conditions. Another contribution is the net leakage of vorticity through stress-free boundaries, generally resulting in decreasing strength of ͑small-scale͒ structures near the boundary. Net leakage of vorticity is absent when no-slip boundaries are present. Additionally, the flow dynamics during the intermediate decay stage is substantially different for the two types of boundary conditions. This is, for example, illustrated with the plots of ⍀/E in Figs. 5 and 12, which show enstrophy production in boundary layers near no-slip boundaries, and a different algebraic decay of ⍀ nor /E ͑⍀ nor /Eϳt Ϫ0.63 for no-slip simulations and ⍀ nor /Eϳt
for stress-free runs͒. An interesting observation is the behavior of the total angular momentum ͑L͒ of the flow. The initial condition contains only a small amount of net angular momentum due to a zero-mean Gaussian random realization of the spectral coefficients of the initial velocity field. Very rapidly the total angular momentum of the flow increases to a considerably larger value due to spontaneous spin-up of the flow, and during the intermediate stage L remains approximately constant or decays only very slowly, while the decay of the total kinetic energy of the flow is considerable, regardless of the presence of no-slip or stress-free boundaries. The final ͑long-time͒ decay of L is governed by self-similar decay ͑as discussed, for example, in Sec. III C for runs with no-slip boundary conditions͒. Initial growth of L in simulations of flows on a square domain is due to turbulent spectral transfer combined with a selective decay mechanism, resulting in an increasing dominance of symmetric vorticity modes. It appears that the behavior of L in decaying turbulence on a square domain is intimately linked with the symmetry of the ''final'' state.
Scaling behavior for the number of vortices V(t), the normalized vorticity extremum ext (t)/ͱE(t), the average vortex radius a(t), and ⍀ nor (t)/E(t) are computed for the simulations with no-slip boundaries ͑see Table III͒ . The difference of the temporal evolution with scaling theory is not completely surprising, since the present simulations are far from the infinite Reynolds number limit. Nevertheless, a further study seems worthwhile because simply applying different boundary conditions yields different scaling behavior ͑viz. no-slip versus stress-free͒. Additionally, the present simulations are initialized with a vortex population with a wide distribution of sizes, so a direct comparison with a few experimental studies of scaling properties of decaying 2D turbulence, based on a narrow distribution of vortex sizes for the initial flow field, is not possible yet ͑see, e.g., Tabeling et al. 12 ͒. A more detailed comparison of vortex statistics in freely evolving 2D turbulence at higher Reynolds numbers ͑up to ReХ10.000͒ in containers with no-slip walls and in domains with periodic boundary conditions is in preparation.
Recent theoretical, numerical, and experimental studies on 2D decaying turbulence were often based on the assumption that the decay could be assessed on the basis of statistical approaches, including maximum entropy theories [14] [15] [16] [17] [18] [19] [20] and the selective decay hypothesis, 3 and scaling theory. 30, 31 Experimental studies by Marteau et al. 13 and numerical investigations by Jüttner et al. 22 were aimed at clarifying the relation between experimentally measured final states of decaying 2D turbulence and equilibrium states based on theoretical models. The experimental results 13 seem to support the scaling theory approach in favor of the computed equilibrium states based on a maximum entropy theory. The numerical investigations by Jüttner et al. 22 partly confirm the experimental results, but numerical simulations using the experimental data from Ref. 13 as artificial initial conditions ͑with stress-free boundary conditions͒ lead to somewhat different conclusions. When linear bottom friction ͑see for explanation Ref. 13͒ is used no equilibrium states are found, but when no linear bottom friction is used it appears that the final equilibrium states resemble the final states from the maximum entropy theory. This latter kind of simulations is equivalent with simulations of 2D decaying turbulence in a container with stress-free boundaries. From our results we can conclude that every analogy between final states of 2D decaying turbulence in containers with no-slip boundaries and final states predicted by maximum entropy theories is, however, accidental for the Reynolds numbers considered in this study. The observed decay towards final states, as found in 36 runs with 1000рReр2000, is merely a relaxation to the slowest decaying Stokes eigenmode solution of the vorticity equation. Final states obtained from maximum entropy theories, although they do not represent inviscid flows due to coarse graining of the flow, represent flows for which the Reynolds number is still very large. It is still an open ques-tion whether maximum entropy theories or other statistical approaches can be used to predict the intermediate state arising in simulations with significantly higher Reynolds numbers than used in the present investigation. Also, the assumption to approximate the rigid boundaries as present in experiments by stress-free boundary conditions in numerical simulations is incorrect, as can be concluded from the different decay scenarios for no-slip versus stress-free runs shown in Secs. III and IV. The other theoretical approaches, i.e., application of the selective decay hypothesis and the scaling theory, are worthwhile under the restriction that two different decay stages are recognized: Turbulent decay with spectral transfer and selective decay, and finally a decay stage in which diffusion dominates over nonlinear advection, i.e., spectral transfer is then absent in favor of self-similar decay.
Finally, the main conclusions, which are all based on ensemble averaging of 36 runs for 1000рReр2000, are summarized. 
